In casual discussion, a stack X is often described as a variety X (the coarse space of X ) together with stabilizer groups attached to some of its subvarieties. However, this description does not uniquely specify X , as is illustrated by Example 13. Our main result shows that for a large class of stacks one typically encounters, this description does indeed characterize them. Moreover, we prove that each such stack can be described in terms of two simple procedures applied iteratively to its coarse space: canonical stack constructions and root stack constructions.
], these two stacks are not isomorphic. However, the proof of Theorem 1 shows that both have tame quotient singularities and their canonical stacks are isomorphic.
Remark 4. The proof we present can be applied if k is an arbitrary regular excellent base, but we work over a field for clarity. See [Vis] for the construction of canonical stacks in this case. The remainder of the proof applies directly.
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Background and preliminary results
The first stack-theoretic construction we employ is that of canonical stacks. If X is a finite type algebraic space, then [Vis89, 2.9 and the proof of 2.8] shows X has tame quotient singularities if and only if X is the coarse space of a smooth tame Deligne-Mumford stack. Moreover, in this case there is a smooth tame Deligne-Mumford stack X can with coarse space X such that the coarse space morphism X can → X is an isomorphism away from codimension 2. We refer to X can as the canonical stack over X.
Remark 5 (Universal property of canonical stacks [FMN10, Theorem 4.6]). Suppose X is a smooth Deligne-Mumford stack with coarse space morphism π : X → X which is an isomorphism away from a locus of codimension at least 2. Then X is universal (terminal) among smooth Deligne-Mumford stacks with trivial generic stabilizer and a dominant codimension-preserving morphism to X. This universal property is stable under base change byétale morphisms (or any other codimensionpreserving morphisms). That is, for U → Xétale, X can × X U is the canonical stack over U . By descent, every algebraic stack Y with tame quotient singularities has a canonical stack Y can and a coarse space morphism π : Y can → Y which is an isomorphism away from a set of codimension at least 2.
The second stack-theoretic construction we employ is that of root stacks (see [FMN10, §1.3 ] for a brief introduction). Given an effective Cartier divisor C on a stack Z and a positive integer n, the n-th root of C, denoted n C/Z, is the Z-stack which is universal (terminal) among all Z-stacks for which C pulls back to n times another divisor. Explicitly, the root stack is given by the cartesian diagram below. Recall that C defines a morphism Z → [A 1 /G m ] since [A 1 /G m ] parameterizes line bundles with sections (i.e. effective Cartier divisors).
Here, the n-th power mapˆn :
Lemma 6. Root stack morphisms and canonical stack morphisms have affine diagonal.
Proof. To check that root stack morphisms have affine diagonal, it is enough to show that the n-th Corollary 9. Let U and Y be smooth separated tame Deligne-Mumford stacks. Suppose a morphism g : U → Y is birational, and the ramification locus in U is of codimension greater than 1. Then g is representable andétale.
Proof. By Lemma 7, we can replace Y by anétale cover, and so can assume Y = Y is a scheme. Then U has trivial generic stabilizer and g factors through the coarse space U of U .
We show that the induced mapḡ : U → Y is unramified in codimension 1. Let u ∈ U be a point of codimension 1 and let y ∈ Y be its image in Y . Being the coarse space of a smooth tame Deligne-Mumford stack, U has tame quotient singularities. In particular, it is normal, and so Ø U,u is a discrete valuation ring. If V → U is anétale cover and v ∈ V is a point of codimension 1 which maps to u, then Ø V,v is unramified over Ø Y,y by hypothesis. Since ramification indices multiply in towers of discrete valuation rings, we see that Ø U,u is unramified over Ø Y,y as well.
Now we have that U is normal, Y is smooth, andḡ is dominant and unramified in codimension 1, so the purity of the branch locus theorem [SGA1, Exposé X, Theorem 3.1] shows thatḡ isétale. Similarly, V → Y is a map between two smooth varieties which is dominant and unramified in codimension 1, so it isétale by purity. It follows that g isétale. Since g andḡ areétale, the coarse space map U → U isétale, and hence an isomorphism by Lemma 8. This proves representability of g. 
Proof of Theorem 1
By the universal property of canonical stacks (Remark 5), the coarse space morphism π : X → X factors through the canonical stack. Since X can → X is an isomorphism away from codimension 2, we have that D is the ramification divisor of the map π : X → X can .
Let D i be the irreducible components of D and suppose π is ramified over D i with order e i . Then Y = D/X can is obtained from X can by taking the e i -th root along D i for all i. By the universal property of root stacks, we have an induced morphism g : X → Y.
Note that each e i is relatively prime to the characteristic of k; indeed, this can be checkedétale locally on X, so we may assume X is a quotient of a smooth scheme by a finite group G which stabilizes a point [AV02, Lemma 2.2.3 and its proof]. The ramification orders are then orders of subgroups of G, which are relatively prime to the characteristic of k since X is assumed to be tame. Since the e i are prime to the characteristic of k, Y is a tame Deligne-Mumford stack. Since Y → X can ramifies with order e i over D i and ramification orders multiply in towers of discrete valuation rings, we have that g is unramified in codimension 1.
Let By Lemma 6, Y → X has affine diagonal. As π : X → X is a coarse space morphism of a tame stack, it is cohomologically affine [AOV08, Theorem 3.2]. Since X is separated, X is separated [Con, Theorem 1.1], and so X has quasi-affine diagonal. By [Alp08, Proposition 3.14], g : X → Y is cohomologically affine. As g is Stein and cohomologically affine, it is a good moduli space morphism, so it is universal for maps to algebraic spaces [Alp08, Theorem 6.6] 2 , so it is a relative coarse space morphism. Since X is smooth and tame, it follows that Y has tame quotient singularities. Since g is an isomorphism away from codimension 2, it is a canonical stack morphism by Remark 5. This completes the proof that π factors as
If D is Cartier, then the above proof may be modified by replacing X can by X, D by D, and removing the singular locus of X from U . The modified proof shows that π factors as
A local description of Theorem 1
In this section, we provide a representation-theoretic description of the factorization of the coarse space morphism for stacks of the form X = [V /G], where V is a vector space over k on which an abstract finite group G acts linearly. Since every separated Deligne-Mumford stack isétale locally a quotient by the stabilizer of a point [AV02, Lemma 2.2.3 and its proof] and smooth k-varieties with group actions have equivariantétale morphisms to their tangent spaces, this approach actually provides an alternative proof of the theorem, but we omit those details here.
Theorem 11. Suppose X = [V /G], where V is a vector space over k on which an abstract finite group G acts linearly and faithfully. Let H ⊆ G be the subgroup generated by pseudoreflections of V , and H ′ ⊆ H be its commutator subgroup. Then the factorization of the coarse space morphism in Theorem 1 is
Proof. Note that for a finite group K acting linearly on a vector space U , the coarse space morphism For any pseudoreflection hyperplane W , let H · W be the set of H-translates of W . For each hyperplane U in this orbit, choose a linear function ℓ U which vanishes on U , and let f H·W = U ∈H·W ℓ U . The vanishing locus of f H·W is H-invariant, so H acts on f H·W by some character χ H·W of H. Given a pseudoreflection r ∈ H, we can break H · W up into r-orbits. We analyze the contribution of each of these cycles to χ H·W (r). If a hyperplane U in H · W is fixed by r, then either r is a pseudoreflection through U (in which case r(ℓ U ) = det(r) −1 · ℓ U ) or r is a pseudoreflection through a plane perpendicular to U (in which case r(ℓ U ) = ℓ U ). Now consider the case where U is not fixed by r, letting U i = r i (U ). Since U is not fixed by r, ℓ U has non-zero components in both W and W ⊥ , so {U 0 , U 1 , . . . , U ord(r)−1 } are distinct hyperplanes. Since r(ℓ U i ) is a linear function vanishing on U i+1 , we have that r(ℓ U i ) = a i · ℓ U i+1 for some constant a i . We have that r acts on
ord(r)−1 i=0 a i = 1. Summing up, if r is a pseudoreflection through a hyperplane in H · W , then χ H·W (r) = det(r) −1 ; otherwise χ H·W (r) = 1. Let W 1 , . . . , W k be H-orbit representatives (so every pseudoreflection hyperplane is in the Horbit of exactly one of the W i ), and r 1 , . . . , r k be primitive pseudoreflections through the W i , of orders e 1 , . . . , e k , respectively. We then have that the map H/H ′ → µ e 1 × · · · × µ e k induced by
. Then we claim that V /H ′ = Spec (k[g 1 , . . . , g n , f H·W 1 , . . . , f H·W k ]). Note first that each f H·W i is H ′ -invariant, since H acts on it by the character χ H·W i , and H ′ is in the kernel of any character. To see that this is the full ring of H ′ -invariants, note that any H ′ -invariant function is a sum of H/H ′ -semi-invariant functions, so it suffices to show that any H/H ′ -semi-invariant function f is in this ring. If each r i acts trivially on f , then f is H-invariant, so it is some polynomial combination of the g j . If r i acts non-trivially on f , then f must vanish along W i . Since f is H ′ -invariant, all the conjugates of r i must also act non-trivially on f , so f must vanish along all of H · W i , so it must be divisible by f H·W i , and f /f H·W i is H ′ -invariant. By induction on the degree of f , it is a polynomial in the g j and f H·W i .
We therefore have an H/H ′ -equivariant closed immersion of V /H ′ into A n+k , where µ e i acts only on the (n + i)-th coordinate. The following diagram is cartesian:
Since each µ e i acts on only one coordinate of A n+k , the right vertical arrow is a root stack morphism ramified to order e i along the (n + i)-th coordinate hyperplane. It follows that the left arrow is a root stack morphism ramified to order e i along the divisor which is the image of H · W i .
Remark 12. The proof of Theorem 11 shows that for a quotient stack X = [U/G], the ramification divisor of the map [U/G] → U/G is the image of the pseudoreflection divisors, and the ramification degrees are the orders of the pseudoreflections.
Examples, Counterexamples, and Questions
We begin this section by showing that the casual description of a stack X as a variety X together with stabilizer groups attached to some of its subvarieties does not uniquely specify X .
Example 13 (Different stacks with the same coarse space and stabilizers). We work over a field k with char(k) = 2. Its coarse space is X = A 1 (with coordinate x 2 ) and it has a single Z/2 stabilizer at the origin. 7 3. (Smooth non-separated stack ) Let G be the non-separated affine line. We can think of G as a group scheme over A 1 via the natural map G → A 1 . The stack BG has coarse space A 1 and a stabilizer of Z/2 at the origin. Note that BG is a smooth Deligne-Mumford stack with trivial generic stabilizer, but is not separated (its diagonal isn't separated, so not proper). Note also that the map BG → A 1 is a coarse space morphism (i.e. it is a universal map from BG to an algebraic space, and is bijective on geometric points), but not a good moduli space morphism since it is not cohomologically affine. ⋄
In the next example, we illustrate Theorem 1 with X = [A n /S n ].
Example 14. Consider the stack X = [A n /S n ], where the S n -action permutes the coordinates, over a field whose characteristic is prime to n!. The coarse space is X = A n , with coordinates given by the elementary symmetric functions. The S n -action is generated by pseudoreflections corresponding to transpositions; since all transpositions are in the same conjugacy class as (1 2), the ramification locus of the coarse space map X → X is given by (
Sn , which is generated by the descriminant ∆ := i−j (x i − x j ) 2 , and the order of ramification is 2 (see Remark 12). The ramification divisor D ⊆ X is given by expressing ∆ in terms of the elementary symmetric functions. Up to sign, this is given by the resultant of f and f ′ , where f (x) = x n − e 1 x n−1 + · · · + (−1) n e n is the polynomial with the elementary symmetric functions as coefficients.
Since the action of S n on A n is the sum of the trivial and standard representations of S n , the features of this example are all present if one restricts to the vanishing locus of e 1 = x 1 + · · · + x n , the first elementary symmtric function. In this case, the coarse space of [A n−1 /S n ] is A n−1 = Spec k[e 2 , . . . , e n ], the ramification divisor is given by the discriminant of f (x) = x n + e 2 x n−2 + · · · + (−1) n e n , and the ramification order is 2. where the Z/3-action is given by (x, y) → (ζx, ζ 2 y) with ζ a third root of unity. The relation between the x, y coordinates and the a, b, t coordinates is x 3 = a+ti, y 3 = a−ti, and xy = b. We see that the Z/2-action on Y fixes xy and swaps x 3 and y 3 . It therefore lifts to an action on A 2 swapping x and y. Together with the Z/3-action, this lifted Z/2-action generates an action of S 3 on A 2 . This S 3 -action is the unique 2-dimensional irreducible representation. We therefore see that X = [Y /(Z/2)] can = [Y can /(Z/2)] = [A 2 /S 3 ]. This is the n = 3 case of Example 14. ⋄ Remark 16. The above example can be done over R instead of over C, but since R has no primitive cube root of unity, the stabilizer of the origin is (Z/2) ⋉ µ 3 , a twisted version of S 3 . To get a stabilizer of S 3 , one would square root the cuspidal cubic given by the discriminant ∆ = 4a 3 − 27b 2 . x 4 = z 2 + t 2 . After a further change of coordinates u = 2(z + ti) and v = 2(z − ti), we see that Y is the A 3 -singularity defined
